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ω } of subsets of ω1 is a ♣-sequene i�Aα is a o�nal ω-type sequene in α, andfor all A ∈ [ω1]ω1 there is some α ∈ Sω1
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Guessing sequenes in ZFCShelah's lub guessingDe�nitionAn Sλ
µ -lub sequene is a sequene C = 〈Cα : α ∈ Sλ

µ 〉 suh that Cα ⊆ αis a lub in α of order type µ.Theorem (Shelah)Let λ be a ardinal suh that f (λ) ≥ µ++ for some regular µ. Then thereis an Sλ
µ -lub sequene C = 〈Cα : α ∈ Sλ

µ 〉 suh that for every lubE ⊆ λ there is α ∈ Sλ
µ (equivalently, stationary many) suh that Cα ⊆ E.
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Guessing sequenes in ZFCShelah's lub guessingLet µ = f (µ) > ω and take any Sµ+

µ -lub sequene C = 〈Cα : α ∈ Sµ+

µ 〉suh that Cα = {aξ
α : ξ < µ} ⊆ α.For every lub E ⊆ λ, there is α ∈ Sµ+

µ suh that
{ξ < µ : aξ

α ∈ E} is a lub.Theorem (Shelah)Let µ = f (µ) > ω. Then there is an Sµ+

µ -lub sequeneC = 〈Cα : α ∈ Sµ+

µ 〉 suh that Cα = {aξ
α : ξ < µ} ⊆ α and for every lubE ⊆ λ there is α ∈ Sµ+

µ (equivalently, stationary many) suh that:
{ξ < µ : aξ
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Covering propertiesCoverings −→ neighborhood assignmentsompat spaesDe�nitionAn open neighborhood assignment (ONA, in short) on a spae (X , τ) isa map U : X → τ suh that x ∈ U(x) for every x ∈ X.X is ompat ⇔ for every ONA U on X there is a �nite D ⊆ X suh thatX =
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D-spaesDe�nition (E. van Douwen)X is a D-spae i� for every neighborhood assignment U, there is a losedand disrete D ⊆ X (i.e. loally �nite) suh that X =
⋃U[D].every σ-ompat or metri spae is a D-spae

ω1 is not a D-spae (every losed disrete set is �nite, however nonompat)Problem (E. van Douwen)Is it true, that every Lindelöf spae is a D-spae?Dániel Soukup (ELTE) Guessing lubs for aD, non D-spaes WS 2011, Hejnie 6 / 21
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D-spaes and aD-spaes
(X , τ) D-spae ⇔ i� for every ONA U , there is a losed and disrete D ⊆ X suhthat X =

⋃U[D].De�nitionA over U of a spae X is irreduible i� there is no proper subover of U .De�nition (Arhangel'skii, 2002)A spae X is an aD-spae i� for every losed F ⊆ X and open over Uof F there is an irreduible open re�nement of U .irreduible open over ↔ ONAs on losed disrete setsDániel Soukup (ELTE) Guessing lubs for aD, non D-spaes WS 2011, Hejnie 7 / 21
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Why aD-spaes?
(X , τ) is an aD-spae ⇔ for every losed F ⊆ X and open over U of F there isan irreduible open re�nement of U .
(X , τ) is a D-spae ⇒ (X , τ) is an aD-spae.
Theorem (Arhangel'skii)Every Lindelöf spae is an aD-spae.If every aD-spae is a D-spae, then every Lindelöf spae is aD-spae.XDániel Soukup (ELTE) Guessing lubs for aD, non D-spaes WS 2011, Hejnie 8 / 21
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aD ⇒ D?
(X , τ) is an aD-spae ⇔ for every losed F ⊆ X and open over U of F there isan irreduible open re�nement of U .
(X , τ) is a D-spae ⇒ (X , τ) is an aD-spae.
(X , τ) is Lindelöf ⇒ (X , τ) is an aD-spae.
Problem (Arhangel'skii, 2005)Is it true, that every aD-spae is a D-spae?
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Result
(X , τ) is an aD-spae ⇔ for every losed F ⊆ X and open over U of F there isan irreduible open re�nement of U .
(X , τ) is a D-spae ⇒ (X , τ) is an aD-spae.Problem (Arhangel'skii, 2005)Is it true, that every aD-spae is a D-spae?Theorem (D. Soukup, 2010)There exists an aD, non D-spae.something like ω1 (a non D-spae), but ω1 in not aDwith large losed disrete sets (to handle property aD)Dániel Soukup (ELTE) Guessing lubs for aD, non D-spaes WS 2011, Hejnie 10 / 21
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The general onstrutionWe need the following parameters:in�nite ardinals λ > µ = f (µ),a MAD family M ⊆ [µ]µ, enumerated as M = {Mϕ : ϕ < κ},an Sλ
µ -lub sequene C = {Cα : α ∈ Sλ

µ}.We de�ne a spae X = X [λ, µ,M,C ] on a subset of λ × κ.Xα = {(α, 0)} for α ∈ λ \ Sλ
µ ,Xα = {α} × κ for α ∈ Sλ

µ .Let X =
⋃
{Xα : α < λ}.Dániel Soukup (ELTE) Guessing lubs for aD, non D-spaes WS 2011, Hejnie 11 / 21
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The general onstrutionDe�ning the topology by neighborhood basesLet Cα = {aξ
α : ξ < µ} denote the inreasing enumeration for α ∈ Sλ

µ . Foreah α ∈ Sλ
µ letI ξα = (aξ
α, aξ+1

α ] for ξ ∈ su(µ) ∪ {0},I ξα = [aξ
α, aξ+1

α ] for ξ ∈ lim(µ).For α ∈ Sλ
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⋃
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µ -lub sequene C ∋ Cα = {aξ
α}ξ<µ suhthat for every lub E ⊆ λ there is stationary many α ∈ Sµ+

µ suh that:
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Corollary2ω1 = ω2 Let C be an Sω2
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Thank you for your attention...
... and I would be happy to answer any questions!
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